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Angular momentum in general relativity: The definition at null infinity includes
the spatial definition as a special case
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I show that the definition of angular momentum at null infinity given by A. Rizzi, Phys. Rev. 8&til150
(1998, reduces to the Arnowitt-Deser-Misner definition at spatial infinity in the appropriate limit. This iden-
tification reinforces the gauge condition of the null definition as well as the null definition itself. Insight into
the place of the null and spatial definitions is also gained. The methods used in this paper are very useful for
understanding far-field problems in general relativity; a set of Appendixes gives details of the methods.
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. INTRODUCTION M Loi(U) = Lspaga
U —co
Until recently, there was no definition of angular momen-
tum in general relativity that allowed for a nontrivial conser- where u parametrizesJ™. (]
vation law. The only definition of angular momentum that
was consistent within general relativity was the Arnowitt- To make this mathematically precise, we recast the spatial
Deser-Misner(ADM) spatial definition[1,2,3]; this defini-  and null definitions in terms of a space-time foliation adapted
tion gave an angular momentum for the entire space-timewo the appropriate limits. We will work in strongly asymp-
The ADM definition was only marginally useful, because it totically flat (SAF) space-timegcf. Appendix A).
allowed no way of speaking of the exchange of angular mo- We use the optical-maximal foliation. This is my name
mentum. That is, one could not even make simple conservdor the foliation used in Christodoulou and Klainerman'’s
tion statements, such as a system with angular momehtum book [8] on the nonlinear stability of the Minkowski space.
gave upAL and was thereby left with.—AL. Previous As the name suggests, the optical-maximal foliation isshe
attempts at defining this basic quantity in a satisfactory wayoliation (an$? foliation is one with leaves that are topologi-
failed for various reasons; prime among these reasons w&&lly S°) that results from the intersection of an “optical”
the so-called supertranslation ambiguity. These problemfliation and a “maximal foliation.” _
were solved in Refi4]. In the present paper, | will show that A Maximal slice of space-time, designated by titn&,
the definition of angular momentum at null infinity given in IS & Spatial slice which has maximal volume with respect to
[4] reduces to the ADM definitidnin the appropriate limit. the embedded space; mathematically this mearis; Jir¢ 0
The agreement between the two definitions strengthens olfnereki is extrinsic curvature ok . One must impose two
overall understanding of angular momentum in general rela-
tivity. Since the ADM definition is well established it lends
another successful test to the definition givefidh Further- '

more, it gives context to the ADM definition. To avoid ‘\“"“0
wordiness, henceforth the definition given[#] will be re-
ferred to as the null-AM definition or simply the null defini- 7“
tion.
The most intuitive way of seeing that there is a point f’ Uy —o
where the definition at null infinity meets the spatial defini- (=0 \

tion is to make use of the conformal picture. In the confor-
mal picture one maps infinity to a finite location. The con- i
formal picture of an asymptotically flat space-time is shown =0
in Fig. 1. The null definition of angular momentum exists
along the axis labeled™, “Scri+,” spatial infinity is shown
as a small circle markeif.

Mathematically, one says 7

By “ADM definition,” | mean what is canonically taken to be
the ADM definition. The ADM definition is only clear and unam- FIG. 1. The null definition of angular momentum is valid all
biguous when given in the center of mass frarRe ;=0) [5,6,7]. along 3% which should include spatial infinityi’. Hence, if the
Therefore, in this paper, “ADM definition” refers to the ADM limit is taken alongd* to i°, one should get the spatial definition
equation taken in this case. also know as the ADM definition.
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FIG. 3. The optical-maximal foliation is a foliation of space-
time with topologicallyS? surfaces as leaves. It is constructed by
taking the intersection of the null cones of the optical foliation, the
C,’s, and the spatial hypersurfac&ss, which are the leaves of the
maximal foliation.

FIG. 2. The optical foliation is shown starting with one maximal
slice. This “final” slice starts out at finite time, and then a limit
is taken to the infinite future. The optical foliation is a null
2-surface folation.

more constraints to make the slicing of space-time unique:

(1) pick an ADM linear momentum for the slice an@®  function u defined in the entire region of space-time that is
choose the metric such that the lapse funcfiaf),is one at  far from all mass. Thusy is the uniquely defined function
spatial infinity(i.e.,t becomes proper time at spatial infinity that satisfies the so-called Eikonal equation:

We need the zero ADM momentufoenter of mass frame—
SAF conditions imply data set iR py = 0). Assigning such

a maximal hypersurface,, for eacht generates what will be
called the “maximal foliation.”

The optical foliation(cf. Chaps. 9 and 14 d8]) is a null
2-surface foliation. It is defined everywhere far from the re-
gion of mass so that geodesics are, in a suitable sense, well- (d) Finally, to create the optical-maximal foliation we
behaved. That is, the foliation is defined everywhere exteriotake the intersection of a gived, with a maximal hypersur-
to a time-like cylinder enclosing the mass. The foliation isface, to get a topologica$? surface which we nams; ;.
shown in Fig. 2. To create the foliation we do the following. This foliation is shown in Fig. 3. We can always chooses

(a) Start with a maximal hypersurfacat:tﬁnal, of zero  big as needed to get the desired “closeness” to null infinity.
ADM momentum and construct a 1-parameter familys3f ~ [Taking this intersection is the same as usihtj  to propa-
surfaces(i.e. surfaces which are diffeomorphic &) on  9ate theS;, foliation along eaclC, . In this way, one could
S._. by solving a given equation of motiofcf. [8], p.  thus vary the foliation by picking other null paifsf. Appen-

final . . . dixes C and Iy we shall have occasion in this paper to do
411 on Et:tfinal' This process gives us the function de- this]
fined onX,_,  whose level surfaces will be labeled by | order to understand the reason for picking this foliation
St ;e we first introduce the ADM definition.

(b) For a givenS; , of £, _ send light rays into the past The ADM definition of angular momentum on a lexf

thus creating a null cone callégi,. If one does this for each has the form
St up he extends the optical functian on Etfinal to an op-

) Ju Jdu _
aXH ax¥

g,“'

tical functionu in the space-time. _ 1 _ .
(c) To make the solution valid for all space-time outside LI ()= glim f giapX (KPI—gPltr KIN;dA (2
the timelike cylinder one lets;,;— .2 This gives an optical e IS

2One can write the space-time metric a$s’=— ¢2dt? yvhergS, coordinate sphgre_ OT rgdi_msv =X, x.i’s.defined
+g.dxdx whereg is callec?the lapse function in neighborhood of s_patlal |_nf|n|ty_§” is the extrinsic curva-
N R S e o ) ture of the leal, N is exterior unit normal t&, , anddAis
In _taklng this foliation to tlmg-llke infinity, one is makl_ng the_ an area element @, .
physically reasonable assumption that the entire space-time exists Equation(2) can be re-written, given a strongly asymp-

(global exist?nc)e ’I'-|0we\./er,. s.in.ce '.[he. proof given in this paper totically flat data setcf. Appendix A):
takes place “near” spatial infinity, infinitely far away from time-

like infinity, one does not, even in a technical sense, need the proaf

of global existence here. In a word, the foliation is extended to

time-like infinity only to give a complete intuitive picture of how  “If we use 9.14c on p. 264 di] (note ¢ and a are given in
the space-time is sliced. construction of maximal foliation we obtainl'= ¢al.
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(i) 1. albj an(b (i) . 1 A
LY (t)=grl|m S{siabx K”IN; — £i2pX*N°tr K}dA Lnu"(U):u“g;nsﬁ_W . WaQi,du,
- r = e,u
3 s
- 1 (2) A
=—1Iim f Siabxak ]N]dA (4) u
87Tf—>oo Sr

Here S,=S.. , is the u element of the foliation of null
1 infinity, and du,0 refers to the area element &,. The
= 8_“m f kANQﬁ)dA (5) definition of the other quantities are given in _A_p_pend|xes B
Ty o IS and C. Equation(9) is the same as the definition {a],
because thgeodesienull pair manifestly(cf. Appendix D
1 reduces to the affine foliatiof#] near null infinity.
=& lim f eAQﬁ)dA (6) Appendix B, in turn, shows that the limit using the
L~ oonst S geodesienull pair to foliate the null cones is the same as
using thet-null pair (cf. Appendixes C and DY,I'. Thus, we

1 have
where EAEkAN:§<DA|’1|_,>I I,:T+N, |_,:T_N,
. |
Liy(w= lim —— f WAQG du, .
. u:constgﬂ- St,u
with I=a~1’, |=al'=es=W,o—Vlna, et
1 Now, to make the above somewhat fuzzy postulate, 1,
WA=§<DA| A1), (7)  more precise we take
1 (i) 1 A t
also Is=1, lu=2, a '=—Dqu=|Vyu| Liu(W =g~ s eald(du,
,u
V¥, means covariant derivative on tH& surface where everything is again in the optical-maximal foliation
using thet-null pair. For example, the area element is that of
Ae{1,2, Qf, is rotation vector field around theaxis. a small piece o, calleddy!,. If we can show
i (i) — i i (1)
O, are such thafQ ), Q)] =&k Q - They are rota- lim Lyg(u)=lim limLg}, (10

u——o Uu——ox t—ox

tion vector fields(they are defined pictorially if4,9]) de-
fined on “pulled back” sphere’scf. Appendix B. The rota-
tion vector fields correspond, in a Euclidean space, t
rotations around the, y and z coordinate axes. We will ) 0
propagate these fields from one pulled back sphere to another Lspatia™= NiM Lyg(u) 11
using Lie dragging in the most natural way. We start from e

null infinity on the appropriateC,, where the spheres are

3hen we can rewrite Eq1) which we seek to prove:

actual two-spheres without need of pull-baekd sof), are becomes
defined very intuitively and drag them into the space-time , ,
usingl [which to a sufficient order, near null infinity, is the lim Lo, = lim limL{Y . (12)
same as propagating using=agl (see below]. | is the U= = U— = tooe
most natural because it is a tangent to a null geodesic which
is the path taken by gravity waves. Here, to be concrete, we set0; Eq.(12) is of course
In short, in terms of the parameters of the above opticalirue for every constarttslice.
maximal foliation, the ADM angular momentum {sising [Note using the fact the ADM angular momentum is the
the surfaces,_,) same on every time slice, one can write EtR) as:
" 1 N lim fim L{)= lim limL{).
'-ADME'-spatiar:ulfI‘mg JSOU'EAdeMy- €) tooe U —ce U oo

That is, under the stated conditions, one can swaju thed
Heredu, is the differential area element 8, andyis t limits.]

the metric onSy,. The null-AM definition takes the follow- There are thus two equations that must be proved: Eq.
ing form using thegeodesienull pair (cf. Appendixes C and (10) and Eq.(12). We now proceed to those proofs; we prove
D) I,] in the optical-maximal foliation: Eqg.(12) in Secs. Il and Ill, and Eq10) is proved in Sec. IV.
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FIG. 4. Pictorial of LHS of inequality14). For each surfacg; ,
one does thé. integral shown. One then integratlésover C,on

the region fromt=0 to t=c0. Finally, one takes the limit of such

integrals agl— —oo.

Il. PROOF THAT lim L) =lim
.U—>—oo i u——
|L|<C/r? FOR g>1

lim L) WHEN

t—o

Becausd.{)) is independent of, one can insert thelimit
(i.e. LS, =1limL§)) on the LHS of Eq(12), and rewrite it as

t—oo

lim lim{L§,—L{\}=0

Uu——o t—ow

A'= lim {L§),—-LY}=0.

U——®

Hence, we want to show that’ =0.

Using the fundamental theorem of calculus, one obtains

A'= lim

U——o© t—ow

li ftaL(t,'u)dt’
m o at .

We further define

JL(t",u)

t
A= lim
ot

Iimf
Uu——oo t—ow 0

It is easy to show that

dt’.

A=0=A"=0.
We will now show thatA =0 if

dL(t,u)
ot

c
B

=|L|< (13

for all 3>1 and whereC is a constant

N © C
lim f [L|dt < lim f —gdt.
u——o0wJ0 u——wJor

The limit on the LHS of Eq(14) is illustrated in Fig. 4.
The integrand|L|, in this limit is an integral on ai$; ,, an

S? surface(after pull back. One integrateH_| along the null
coneC, from t=0 out to null infinity, and then takes the
limit of such integrals towards spatial infinit§. To evaluate

(14
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the RHS of Eq(14), we need to rewritetin terms ofdr. For
a givenS; ,, one defines the areal radius;n the following
way:

A(t)=4mr?= f d,u,ty

Whered,ut,/ is the area element of tH&? surface of constant
t and on a given constanteone

aA8 o Jt td !
E—’Fr—— I’X,LL),

at
ar I’t i
— = —1tr

a2t X

where the overbar means averaged over solid angle. Using
the decay law for ty given in Appendix D

tl’)(t"‘ —+ ?
or 1+ H' 15
= Jt 2r (15

= dt=(1—-0O(r 1)dr.

Therefore we have

_ *C ) »C .
lim —dt=lim f r—B(l—O(r ))dr

U——ox 0 U— — 0

scC ©
—dr— -1-B
frorﬁdr frOO(r )dr)

= lim Cr—Adr
u——wJTlg
|' pmB+1]>
=C lim a1

where we use the fact theg— o~ asu— —. Now, the RHS
of the last equality is zero as long g>1. Since A
=0=A"=0, we have

lim L§)= lim limL{),
u——o U——% t—ow
Q.E.D.
We must now show that the condition given in E3)
holds.
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lll. FALL OFF OF L FOR LARGE r

We now proceed to show thatfalls off like C/r1*¢ for
¢>0 whereC is a constant. In more specific terms, at a
given point of space—timé will be associated with a unique
leaf of the foliation, says; ,, which has areal radius As
long asr is sufficiently large(i.e. one is sufficiently far from
the source we will see that_ decays like I/* "¢ indepen-

dent oft or u:

aL(t,u)  d f
at ot

GAQAd,U/t,),ZEIIJ EAQAd,U,ty
St Stu

,u

= f Ei(ea) O du’,+ f eaf QA

—I—J eaQAtr Xtd,uty

u

- | eenora,

+J €eptr XtQAd,uty. (16)

u

The second equality, makes use @fidu’)=tr x'du’,,

PHYSICAL REVIEW D 63 104002

£:Va=([1V],en)
=(DV,ea)—(Dyl',ep)
=D;\Va—Vg(Dgl',ep) 17
=DiVa—Ve: Xa (18)
whereV means any vector. Recallinf= ¢al, we obtain
EiVpa= DItVA_VB'XtBA
=pab\Va— daVe: x5 (19
=¢agVy. (20)

In the last line, use is made of the first line witlsubsti-
tuted forl'. Hence Eq(16) becomes

- | dat@ e+ e p0fan
Stu

= fst paE(Wa—Yalna)

+(Wa—Yalna)tr)0idu!,. (21)

To show the decay law of the integral above, we now
need the decay laws for the each of the quantities in the
integrand. The decay laws for the Ricci Coefficients are
given in Appendix D; we also need &-W¥'/r and In¢
~W/r (all from [8]). These decay laws are valid for- on
a constanu cone. However, it can be shown that the decay

and the third equality utilizes the fact that the rotation vectonaws in terms of the luminosity radius, fall off the same for

fields are moved forward according to the ruiaQ”
=[1',Q”]=0. We will need the following:

(=) QA2 =rHYduS

'
1+—
-

v
1+ —
r

J

,u

r—oo, t=const(confer Appendix £ Hence, substituting the
decay laws into Eq(21) above we obtain

Zpa— V0 2P -9 w2
£| p + r2
= 2_ t_ ’ A 0
_j u Z _W P Z(Z)_qu,(Z) 2 H (r rMH—(¥+¥ )])Q d,U«y
, +( ATTAY T _+_2)
r r r
A N VAR N )
- r2 1l — 3 £r
= ("‘)QAd,LLO
Lw L2 YV ZE VWD HZa Y ’
r2 r3 r3
Zp-V 0 2P -V, p?
_ =
= ("')QAd,u,O
k. A A AN D v

+
I,.2 r3

r3
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Za—VaW'  Zp—Va¥' H(Zpy— VAV’
=f (— 2t (ArSA ))(rz—r(H+k))QAd,u3
Za— Y0 Za— V0’
:f (—(H+k)( At L ip 2 - +0(r<1+5>))QAd,ﬁ;

:O(rf(lJre))
=L~0(r~1*9) Q.E.D.

In the above, use is made ofjr = (dr/ds)=a ¢~ 1(ar/ot)~[1— (¥ +¥')/r](1+HY2r)=1+constt.
J's, Za"du,0=0 andfstuVAIIf’QAd,u,/o:O (proved in Appendix B

Hi=H+2(¥+¥') (22)
with (W +W¥')=constk (using p. 504 8]).

IV. PROOF THAT lim  _L{(w=lim_ ___lm_ L

—— o —null t—oo —t,U

1
lim limL{)=2— lim IimJ eaQ)f) du!,
u

U— —wot—oo 8 U— —ot—oo

1
=—— lim lim |  (Wa=Valna)Q{ du!,

Swuﬁfwtﬂoo St,u
1 Z2-v,w? 7, ¥,

=— lim Iimj A+ A A (2 rHYQf dp 0
BTy oor o d Sty r r ( 4
1 Z(AZ)_vA\I,(Z) ZA_WA\I’,

= | 1 + 2_ t A
g im [ [ B it

1
=i (2)_ NOA
g lim L{Yu(zA ZAH+HY A9 ")Qf du 0

Uu——>

1 .
=5= I|mw(L§1'3,”(u)+Lt HVA\If’Q(Ai)d,uyo)

Uu——

whereH'= const+H. - A
In the penultimate equality, use is made of J H VAW~ Qfdu,0=0. (23
fSwYUZAQﬁ)d,uyo:O. In the last equality, one uses E®). St
Finally, in order to complete the proof, we must show that ~ We will designate the LHS of Eq23) by . To evaluate
the integralk we must find expressions fét~ andW¥’' ~; we
lim f HVA‘I"Qﬁ)d,uyozo will find the expressions in the given order.
uU— —oe u

A. Expression for H™

or Using an equation on p. 508 (8] andZ=E+ V¥’ [note

that theu (the retarded timeand = (null ingoing sheerthat
| use below are related to theand Z of Christodoulou and
%t is interesting to note that the final decay law given aboveKlainerman(CK) [8] in the following way:uck=—u and

would also apply in the more general case:atl+W'/r Eck=—1/22; the minus superscript on a quantity means
+O(r @9y, U— —o]
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1 1 — 1
(V-2)"=|AV'—5%-E+53-E+P-P —SAH =—(¥'+0) =

+AV—-T' - ) AH =2(V'+Q')" (25)

=f(w). (26)

Now using P—P) =0, = =0, andZ=V-3— 1/2YH one Now, expandingH andf in spherical harmonicéwhere

weS eg. 0, ¢, edg.H =% H Y| m(w), implies that
Eq. (26) becomes

% |(|+1>H.va|,m<w>=—§ fimY) m(®)

obtains

1 _
V. V~2—§’(7H) AT —T)"— (V' +Q')".

In the above, the overbar means averaged &er =
Next we use the gauge conditi¢ftom [4]) that theodd
part of the sheer is zero; mathematically, one can the write H =— 2 I(I =y fl mYem(@). (27
I,m
V3 PA=gpp VB oo AS =0. (24) Now, we must find the harmonic coefficients,, that
characterize 29’ +Q") . Rewriting the solution for these
Hence, recalling tha¥’ ' +W¥ = const: quantities on p. 504 df8], one gets

=2 _ '—'2
(\I’/‘FQ/)_ J J’ (| | (U ) ||'—‘ (U )|)d;,L(Xr)(1—1/2)

1 (= _
——f du’ sgrie+u')(EXu’ @) — [F2()))

where the overbar means average cfx?@randd,u(X 1y is the differential area element 8f in terms of the primed coordinates,
x’. Note that sgnf+u’)=-+1 and oM (u)/du=1/32r[|E(u’)|du’, gives [~ LE2(u))[du’=8(M¢—M;)=8AM where
M;=M(+») andM(—«)=M;. Note also that we have picked arbitraryaxis and defined the coordinatés¢ (written
abbreviated a®) in usual Way. We also need

1 SR P o
|)—(>_)—(>| :ZO e 2|+1 ( P )Y|m(01(p)
(using [X[=[X"|=1)
J 1 q _ VATY oo 0, ¢ )
SRR H) Rox k)

=41Y oo 0,go)f Yoo 0 @ )NATY o6, 0" ) dw'
=4

wheredw’ =sin 8déde and usingF (w)=8S=["_du’'|E(u’,w)|?>=[~.du'|E(U’,6,¢)|? [S/4r=the total energy radiated
(in the proper sengeer unit solid angle emitted in the directi¢f, ¢) [10]] we get

v+ - J Fx) ———d 2AM F 8AM
( ) 16m 2|X —»r| M(x)y— ((w) )
11 f E(x )d 1,ﬁ ,
2 167T 52|X —’/l M(X g (w )
fEFY » am Y d’—leY
21677 I,m Im(w . 21"+ 1 |rmr(w) I",m (w)dw 8 I,m I,m(w)
11 Fim
e mwm(w)—g;m FimYim(@)
1 2
__§| 2|+1FI,mYI,m(w)
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where

Flw)=2, El FimYim(6,¢).

=0 m=—
Finally, using Eqs(25—(27) we get
E | 2
Iml( +1) 2|+1FImYIm( ) (8)

B. Expression forw'~

In the manner above one gets
e L E il 2A 2
(w)= 2|+1Y|m(w) M. (29

Because of the form of Eq23), we can drop the-2AM and, thus, for our purposes

Y|m(w) (30

i

-Ml—\

Sincex, the LHS of Eq.(23), is an integral on a sphere we can rewrite that integral as
- f \If’vaHfﬂﬁ)d,u,yo.

C. Symmetry makesx=0

Therefore, if we pick, as an exampﬁ,(l) Q(z) thenVoH ™ =L,H™ (with L,=d/d¢ andL,Y,,=imY,,) and using Egs.
(28) and (30) one obtains

—f W'LH du,

Y amed-13,5

f,m I’'=0 m'=—

1 I
BEUES e +1F"m'Y"m<w>))W

[
F| m - m,F|/’m/
___f B 2kl Y'm<w>,20 m§ T2 1) i @)due
Takingm’— —m’ and usingY, _,=Y[,,, one gets
m' =1’

i Fim -mFy

sfz 20+ (@) ,,20 mZ,l @D D) T (@)

. m=1

| mF| mFI -m

__5.20,“:2 21+ 1)2A(1+1)

i (& 1 ' !
:_g(l-zo CESEIESVAR i Pt mF”““‘"‘)):O'
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Sincez was picked arbitrarily, the same logic follows for ~ Several other aspects of the proof given in this paper are

Q, and(, as well. Hence, worthy of note. First, the physical import of ER3J), spe-
cifically the symmetry issues and the functional dependence
j H_WA\I/’_Q(Ai)dMOZO_ of F is still to be explored and may hold significant insight.
Siu In a similar vein, it is interesting to simply note that the

definition of angular momentum with the integramgQ”

What are the reasons this integral is zero? First, it Wouloand the definition using th_e '.nFegra'WAQA do not redu_ce
not, in general be zero without the gauge condition given forC the same result at null infinity; this reveals something of
the null definition. It also relies on the invariance of the the subtlety of angular momentum at null infinity. Lastly, the
laplacian(both in two and three dimensionsnder rotations Mathematics used to show the reduction is also interesting in
and on the preservation of a certain symmetry due to th&S Own right, because it is a powerful tool in working in the
content of the integrand; it contaiitsand¥’, both of which ~ region far from all mass where gravity wave detectors oper-
are integrals o£2. Specifically, the invariance under rota- ate.
tion of the laplacian makes the kernels of the integrals 6f
rotation invariantfunction of only distance In terms of the ACKNOWLEDGMENTS
spherical harmonic decomposition, one must h&yg, in
both theH™ term and theV’~ terms withno other mde-
pendence; otherwise, the cancelation to give zero would n
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V. CONCLUSION
) o APPENDIX A: STRONGLY ASYMPTOTICALLY FLAT
We have just shown that the definition of angular momen- SPACE-TIMES
tum given in[4], valid for all retarded time at null infinity,
reduces to the ADMspatial angular momentynm the limit Briefly, a strongly asymptotically flaspace-time is one

of retarded times infinitely far in the past. Mathematically, that can be constructed from an initial data set of the type
this is written Lspagaiapm) = limy_. .. Li,(u). The ADM  described below.

angular momentum can be thought of as, in some sense, the An initial data set satisfies the condition of strongly as-
“total” angular momentum of the space-time. The null-AM ymptotically flatnesgcf. [8]) if g andk (the metric and ex-
definition should yield this “total” before any radiation has trinsic curvaturg are sufficiently smooth and there is a coor-
had a chance to leave: that is, in the infinite past. Hence, th@inate systenx' such that as the radius- \/3;(x')?—»

proof further solidifies the correctness of the new definition.
Without the use of the gauge condition given [, and

2M
1+ T) 5” +04(r_3’2)

stated in Eq(24) of this paper, the proof would fail. 9ij=
One may now ask: why does the null definition require
the gauge condition, while the spatial definition does not? At ij =04(r %2,

null infinity gravity waves are constantly changing and mix-

ing the choices foB? surfaces of integration; one has to pick Note that a function is said to be,(r ¥ asr—o if
among the many possible choices. The gauge conditiod'f(x)=o(r ¥ ")VI={0,1,..m} whered' denote all the par-
makes this choice. By contrast, the spatial definition requiresial derivatives of ordef relative to the coordinates',x?,x>.

no such choice, because it only gives the angular momentumhe above conditions imply that the data set is taken in the
in the infinite past and has no changing surfaces to dealcenter of mass frameP(ypy =0).

with. Furthermore, in the case of the canonical ADM mo-

mentum[P,py =0 (the center of mass cadeconsidered in APPENDIX B: NULL DEFINITION CAN USE S,

this paper, one does not have to pick out 8esurfaces that FOLIATION

correspond to position and thereby, for example, separate out o ) )

the spin part from the orbital part. Since tRe=0 case does ~ First, recall the null definition given in terms of the

involve such a selection, it does require a gauge conditiorgeodesienull pair (or use the affine foliatiop4,11] directly):
but apparently for a different reason. To consider Fhgu

#0 is an interesting and worthy project. It would involve L(””(u): lim if W,QA du, .
deciding how to define the center of maSs surfaces and " u=const 87 J s e
would even further elucidate the issue of angular momentum So

in general relativity. Using

Wa~Zalt+Z82 12+

SEffectively, this means the spatial definition gives tire some trX~2/r+H/r2+---
sensg “total” angular momentum for the space-time. This unfor-
tunately means it can give no useful conservation law. That is, one d,uyw{rz— r(H —ﬁ)}d,uyo

cannot, using it, make the simple statement: a system had initial
angular momentunt, andAL escaped leaving the system with  (where superscript “0” means area element $hslice of
—AL. One can do this with the definition at null infinity. null infinity) gives
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TABLE |. Standard null pairl(’,]").

— _i (2) _ A
lim WAQ Aiy= g | (20 - ZaH) 0 duyp

u= COHSS

S Has= 0as—Kas Hag=—Oas—Kas
ZZ,=V,lnate, 2Z,=VAIn p—ex
where use has been made bguZAQﬁ)d,uyo:O. This is  v,=0 é
proven as follows: \_(;\:WAlna
1 1
Q’ZE(_VN|n¢+5) Q'ZE(VNIn ¢+ 6)

r__ —
Va=ea=kan

1
A _ B A
fS@,uZAQ(i)dMYO_ fS@o,u( WBEA— EVAH ) Q) dp 0

=— L ( SAVeOf,— HVAQﬁ))d,uyo case used most frequently in this papey=1", e,=I"), and
.U the spatial vectorse,,e,, orthogonal to these two vectors
-0 and tangent to the topologicall§? spheres which make up
the foliation. Thee,, are called the null tetrads.

because(), is killing and B4 is symmetric.(Note: from Hag=(Da€s.€8), Hap=(Daes.€p),
the same argument, it is clear thag WA\II Q(,)d,uyozo.) 1
Now, using the-null pair, in a preusely parallel way one ZZA=§(D394,GA), ZZA=§<D4e3,eA>,
gets -
1 1
YA:§<D49419A>, XA:§<D363,9A>: (CY

lim 6 f WAQ I)d,udy oy f(z(2 Z,HHQ ,)d,uy

u=consi
t—oo

1
—Z<D494,es>a Q=Z<D393194>1
But, as given in Eq(24), H'=H +k wherek is a constant so

one gets 1
VA:§<DAG4193>-
1
A
Lai(u )_ul'?;nstg Lt UWAQU)dI“V' Note that the quantity) is not related to the quantity
oo ' labeledQ)’ in Eqg. (25).

The unsuperscripted null pait,| refer to the geodesic

If one uses the structure equatidm@ndk given in[11]  pair (so called becausdeis tangent to a null geodegjansu-
(originally from[8]) one can show the existence of this limit perscripted Ricci rotation coefficients refer to those with re-
follows in same manner as for affine foliation. For the sakespect to the geodesic null paird. Superscript on the null
of completeness, the definition in terms of parameters thaair refers tol'=¢l, |'=¢ "l (the S* foliation is propa-
are in principle measurable [¢] gated to be on a maximal hypersurfageThe primed null
pair refers to the “standard” null pait’=T+N=al’, |’
=T—N=a I’ whereT is the unit normal to the maximal
(spatia) hypersurface, antll is the unit normal td, ,, in the
maximal hypersurface. Ricci rotation coefficients associated
with these null tetrads are distinguished respectively by su-
perscriptt and primes.

The Ricci rotation coefficients are defined below with re-  For the standardnull pair one getdrearranging[8], p.
spect to a null paires,e, (Wwherees, e,=—2 and, in the 171) the results in Table |, where

L(qu(u)_ fEABW -3¢ ‘HA)Q hdu,o.  (B1)

APPENDIX C: RICCI ROTATION COEFFICIENTS

a= ={the lapse function of the foliation induced byu on eachX}

1
[Vul
6ag={the extrinsic curvature of the surfac&, relative to 3}

kij={extrinsic curvature of the maximal slice
1 . _ o
= Zspatlal component&Gi;) = — (2¢)  ~4Gj;

Decomposition ofk : 7ag=Kag, €a=Kan, I=Knn.
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TABLE II. Geodesic null pair (,1). Hence, in terms of thgeodesionull pair,|I=a"1l’, |=al’
one obtains the results in Table Il, where use is made of
Hae=a""(0ag—Kag) Has=a(~ 0az—Kap) Dja=D, 1,a=—20'=D;.a=—2aQ’ (derived using re-
ZZp=V lnate, Z2Z,=V,In ¢p—ex lations from [8], p. 264. In terms of thet-null pair, I
® =¢l’, 1'=¢"11’, one gets the results in Table III.
Ya=0 Ya=a? VAInE

APPENDIX D: DECAY LAW FOR RICCI COEFFICIENTS

1
0=-al0'+al0'=0 0=2vinéts—=D,
— 2( nIn é+o) 28 This appendix gives the decays laws for the Ricci rotation

Va=Wy=es+YValna coefficients using results frof8] and[10]. We will need the
following: for any 2-symmetric covariant tensdtl,,g, on a
topologically S? surface(p. 40 of[8]):

One can transforms to a different null pair; this is called a
lapse transformatiohand has the form

|Trans— g = 1| |_Trans= al Hag=Hag+ E’)’ABtr H

where a is called the lapse function
where the hat means the traceless part.

pair (I,1) in a coordinate basis, the Ricci rotation coefficients
Note that the normalization | = — 2 is preserved under a (cf. Appendix B near null infinity are(wheree>0) seen in
lapse transformation. Under the lapse transformation abovd,able IV.
the Ricci coefficients transform as Note that the order OQ can be found by usingiul
+W¥'/r and the fact tha’ is independent ofi.
HTrans= g~ 1y HTrans= g . kLJJlsir\1/g thestandardnull pair (I’,1") one has the results in
— — able V.

ZZTrans: ZZ, Z_ZTrans: z’
:ZA: EA+ WA\P’ and Z'(A\z): E(AZ)JFWA\I’(Z)
YTrans: a*ZY’ XTrans: aZX, (CZ)
L L Using thet-null pair (I,1') one has the results in Table VI.
Qmans=—g-2pa+a 1Q, Q=0 — =D,a,
2 — — 27 APPENDIX E: DECAY AT NULL INFINITY GIVES
DECAY AS FUNCTION OF r ALONE

Trans—
VIV ¥ina. A given geometric quantity, sa@, defined on space-time

TABLE III. t-null pair (14,1"). might decay like at null infinityon a fixedC, ast—x):

HEA(B: d(0ng—Kag) ﬂ}xtB: ¢ H(— 6as—Kap) o) QY(u,w) Q?(u,w)
ZZ =Y lnate, ZZ,=YAIn ¢p—ea Q~Q9Y(u,w)+ ; e
Ya=0 I‘Azzﬁ’z(VAlng
1 ! 1 Here we S?, andu, t are as defined in the text. Assume all
O'=5¢ D¢ Q=—-(VnIng+8=5Dpd" QM finite Vu.

Note here that the areal radius 8f, can be written
r(t,u) andQ can be writtenQ(t,u).

To see that it is the same law on a fix2¢ observe that
Vi=ex—VaIn p=W,o—Y,In(a¢) for large enough uwhich also means large

+i§(va|n +90)

r1Q%(u,@) = Q(u,0)|~ QM (u,w),

"The physical meaning of this lapse function is discussed 1
In general, the lapse function, together with its counterpart, the shifivhere | use the fact that each pointXfis on one of theC,
vector, may be described as the nondynamical variable that tells or@ones and that there must be a unique limit at spatial infinity.
how to move forward in timécf. e.g.[12,1]). In words, onX;, for large enough, Q is proportional to 1/
to leading order with proportionalit9)(u,w). This is true
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TABLE IV. Geodesic null pair ;1).
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TABLE V. Standard null pairl(’,]").

FIAB:ZAB—FO(FG); ﬂABerAB+O(r17€);

+0(r~179)

—§||\)

2 H
trH= F+ r—2+0(l’7(2+6))

Z z Z
za=mw>%+f% 59:—7¢+00*“%
+0(r~1279)
2V,
Ya=0 Ya=——p—+O(r )
Q=0 Q=0(r"?

z, Z%
VAEWA:T + 7 +O(I’7(2+E))

Hag=3ag+0O(r ) Hag=rEas+O(r'"9);

2 H+2v'
trH’:F+ r2

2
trH=— F+O(r’(1“))

+0O(r~(279)
(2)

z Za
2Zj=""4+ S+ O 3) Z2Zi=— = +0(r ()

AN
Y4=0 Yp=—— 0179
Q'=0(r"? Q'=0(r"?)

@)
Vimen=—"+-—7 +0(r?")

for every such quantityQ, and it is not necessary that the
decay law at null infinity have integer powers of 1/f one
wants to add or multiply many such quantities one does
in the integrals in question in this papeit is obvious that
the resultant of such addition and multiplication will also
obey these rules.

An intuitive, simplified, way of thinking about this is to
recall that the choice af=0 in the text was arbitrary. One
can pick a starting as large as one wishes, and, in this way
get a large enoughon theS? surface on the maximal slice,

3., as one would like and thus everywhere out to null infin-

ity.

The above arguments show that the decay lawstfor
—oo apply also in general for— oo with t=const.

One can go further and note that for nonsing@4r, one
can write a decay law that is a function ofonly. For ex-
ample, in the above case, l&€={maxovew andw of
Q®(u,w)} and get

C
Q(u,0)~Q%+
where C is a constant.

APPENDIX F: PULLED BACK QUANTITIES

In order for all of the work done here to take place on
,actual spheres of unit radius at null infinity, in terms of
pulled back quantities, | will always use the appropriate dif-
feomorphism, divide by the appropriate power of the lumi-
nosity (area) radius defined by = \/surface areat# and take
the limit ass—o in the affine foliation. For example, the
metric y on the topological spher§; , will have a diffeo-
morphism ¢, ; $*—S,,; it takes one from an actu®?
surface to the topological sphe,. One can use the pull
back and show lig. ..} ,y= ¥°, the standard metric on the
unit sphere. More details on this can be found8rl0,4,11.

TABLE VL. t-null pair (I%,1Y).

Hag=3as+O(r )
2 H+2(V+W)

2 + —(2+¢)
trH ; 2 O(r )
Z Z(2)
2Zy="24 L +0(r 24
YL=0
Q'=0(r"?
Vt=é‘+£A2) E
A r r2 rl+e

Hig=rEas+ +0(r* 9

2
an—F+ou*“%

z
2=~ "2+0(r 1)

29,0’
r

A=

+0(r~*9)
Qtzo(r72)

wheref is some particular function 08°
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